The direct photon emission model in relativistic nuclear colliders has been improved in recent years for reducing the discrepancy between theoretical estimations and experimental data and for understanding the properties of the QCD matter. In this study, the contribution of pre-equilibrium photons are investigated in addition to those of prompt and thermal photons in the framework of a relativistic hydrodynamic model. The numerical simulations at an LHC energy suggest that the pre-equilibrium photons may be relevant at intermediate transverse momentum near the saturation momentum scale, increasing particle spectra and reducing elliptic flow of direct photons.
The direct photon emission model in relativistic nuclear colliders has been improved in recent years for reducing the discrepancy between theoretical estimations and experimental data and for understanding the properties of the QCD matter. In this study, the contribution of pre-equilibrium photons are investigated in addition to those of prompt and thermal photons in the framework of a relativistic hydrodynamic model. The numerical simulations at an LHC energy suggest that the pre-equilibrium photons may be relevant at intermediate transverse momentum near the saturation momentum scale, increasing particle spectra and reducing elliptic flow of direct photons. 
I. INTRODUCTION
The QCD matter created in relativistic nuclear colliders such as the BNL Relativistic Heavy Ion Collider (RHIC) and the CERN Large Hadron Collider (LHC) has been revealed to be a strongly-coupled system that follows hydrodynamic description [1] . The quarkgluon plasma (QGP) [2] and the subsequently-produced hadronic matter are considered to participate in thermal equilibrium before kinetic freeze-out. Electromagnetic probes such as photons and dileptons, on the other hand, do not interact with the QCD medium once they are produced because they do not have color charges. It is believed that they are useful in quantifying macroscopic space-time evolution as well as microscopic properties of the medium. The transverse momentum spectra of photons have been used to estimate the effective medium temperature from the inverse slope parameter; T ∼ 220-240 MeV at RHIC [3, 4] and T ∼ 300 MeV at LHC [5, 6] . This, using the knowledge of the crossover temperature T c ∼ 160-170 MeV estimated in (2+1)-flavor lattice QCD [7, 8] , is considered as one of the evidences for the creation of the QGP in relativistic heavy-ion collisions.
Inclusive photons consist of direct photons from primary sources and decay photons from the subsequent hadronic decay processes. Conventionally, direct photons are estimated to be the sum of prompt photons, which are produced in the hard process at the time of the collision, and thermal photons, which are emitted from the soft, thermalized sector of the medium. This, however, may be an oversimplified picture because the relativistic nuclear collisions go through several stages, from initial color glass condensate to glasma, to hydrodynamic QCD matter, and to hadronic gas. Thus one has to consider the photon contributions from the pre-equilibrium stage [9] [10] [11] [12] [13] [14] [15] as well as from the post-hydrodynamic stage [16, 17] for a comprehensive picture.
Direct photons are known to have the photon puzzle where the observed azimuthal momentum anisotropy, * akihiko.monnai@kek.jp quantified by elliptic and triangular flow, is larger than the estimations of the relativistic hydrodynamic model [18] [19] [20] . The situation has been improved in recent years owing to the efforts made in refining the photon estimation model [13, . Nevertheless, it is still considered to be apparent at RHIC and is shown as a systematic tendency at LHC albeit the statistics may need improvement for further confirmation for the latter case. Furthermore, the direct photon particle spectra tend to overshoot theoretical predictions. The existence of large direct photon triangular flow [19] implies that the large momentum anisotropy is originated in the medium properties rather than in the external sources.
In this paper, the contributions of prompt, preequilibrium, and thermal photons are considered for the estimation of direct photons in relativistic nuclear collisions. Self-similar scaling solutions are employed for the parton phase-space distributions in the pre-equilibrium stage as a model of photon emission [14, [45] [46] [47] [48] assuming that such mechanism drives the early time dynamics in high-energy nuclear collisions at LHC. The process is integrated into the hydrodynamic model by scaling it into the typical time scale of local equilibration required by the hydrodynamic model. The inevitable presence of preequilibrium photons is naïvely expected to improve the total photon yield estimation while worsening the elliptic flow agreement in heavy-ion collisions. It can also be relevant in proton-proton collisions because the expected production of glasma in high-luminosity events can modify the bottom-up prompt photon estimation from the experimental data that is often used as the baseline for thermal photon analyses in heavy-ion collisions [49] .
In Sec. II, the emissions of thermal, pre-equilibrium, and prompt photons are discussed analytically. They are used for the numerical estimation of direct photon spectra in Pb-Pb collisions at an LHC energy in Sec. III. The interplay of the photons emitted from the three different stages is discussed for transverse momentum spectra and differential elliptic flow. Sec. IV is devoted for discussion and conclusions. The natural units c = = k B = 1 and the mostly-minus Minkowski metric g µν = diag(+, −, −, −) are used in the paper.
II. PHOTON EMISSION MODELS
The emission rates of thermal and pre-equilibrium photons as well as the spectra of prompt photons are discussed for the phenomenological estimation of direct photons in high-energy nuclear collisions.
A. Thermal photons
The thermal photon emission rate is estimated as an interpolation of the hadronic and the QGP emission rates as a function of the temperature, E dR γ th
where T c = 170 MeV and ∆T = 0.1T c . The hadronic photon emission rate includes the contributions of the processes in Ref. [49] [50] [51] . The QGP photon emission rate is based on the perturbative QCD (pQCD) calculations [52] . The relativistic hydrodynamic model is used for the estimation of background medium evolution. The energy in the emission rate is shifted by the Lorentz boost E → p µ u µ where u µ is the flow.
B. Pre-equilibrium photons
The pre-equilibrium stage in nuclear collisions is not well known. Here a phenomenological approach is conjectured similarly to Ref. [14] but with integration to the hydrodynamic modeling in mind. It is assumed that the glasma phase is divided into three stages following the bottom-up scenario [53] : (a) the early stage τ 0 < τ < τ 1 where hard partons dominate, (b) the intermediate stage τ 1 < τ < τ 2 where the gluon density is less than unity, and (c) the late stage τ 2 < τ < τ 3 where soft partons dominate.
, where Q s is the saturation momentum scale, which originates in the color glass condensate picture [54] [55] [56] [57] [58] . The coefficients c 0,1,2,3 are introduced to linearly scale the equilibration process into the time scale of pre-equilibrium evolution implied by the relativistic hydrodynamic modeling of nuclear collisions, τ ini ≤ τ ≤ τ hyd . Typically, τ 0 = τ ini ∼ O(10 −1 ) fm and τ 3 = τ hyd ∼ O(10 0 ) fm. Following the procedure in Ref. [14, 59] , the preequilibrium photon emission rate is given as
where the Coulomb logarithmic factor is chosen so that the expression is a non-equilibrium extension of the well known result for quark pair annihilation and quark-gluon Compton scattering [60] . A prominent approach to the early pre-equilibrium stage (a) is the classical statistical method [45] [46] [47] . The quark and gluon distribution functions are implied to be described by the universal self-similar scaling law as
for gluons and similarly with the subscript change g → q for quarks [48] in the classical regime. p T and p z are the transverse and the longitudinal momenta perpendicular and parallel to the collision axis, respectively. The exponents are α = −2/3, β = 0, and γ = 1/3 in the intermediate p T range below Q s . The distributions are cut off for p T > Q with a hyperbolic tangent function to imitate the situation where it falls off fast with a different scaling law. This is introduced as an envelop function
where ∆p T = 0.1Q s on the phase space distribution.
The coefficients A and σ z are non-universal. Here σ z , which is related with the momentum anisotropy of the system and can be interpreted as the longitudinal "temperature", is treated as a parameter common to quarks and gluons and the normalization A g and A q are constrained with the energy density estimation explained later as functions of Q s . p T dependence of σ z is neglected for simplicity unless otherwise mentioned. The procedure is made partly because the parameters are dependent on the initial conditions, extrapolated to the strong-coupling regime, and scaled so that the equilibration process fit into the time window allowed by the hydrodynamic model. The initial energy density distribution to the preequilibrium stage is assumed to be given by the Glauber model. The overall normalization is determined so that the energy density distribution at the end of preequilibrium evolution serves as the initial condition for the hydrodynamic model which in turn describes the experimental data after hadronic decay. The energy density in the pre-equilibrium stage estimated as
where
Assuming the quark density at early times is suppressed by α s compared with the gluon density, i.e., A q = α s A g , the normalization factors are determined. When the longitudinal pressure is small enough compared with the transverse one, the internal energy density has an asymptotic form
which implies that it is proportional to the inverse of the time. This is subject to the correction from the soft sector in the stage (c) as mentioned later. It is simply assumed that the expression is valid just before the hydrodynamic stage because the exact thermalization dynamics is not well known and the proper time dependence of the energy density changes at most to τ −4/3 only for a relatively short period of time.
The gluon number density is
and similarly for the quark number density with the change of the subscript g → q. The number densities only have a weak dependence on the choice of σ z since the energy density is fixed in Eq. (6) . Also the result is in qualitative agreement with the bottom-up estimation of the gluons freed at early time n g = c(N The expression is assumed to be still valid for quarks in the intermediate stage (b) . The occupation number for gluons decreases and becomes smaller than unity. The Debye screening of mass starts to be controlled by soft gluon contributions and the soft gluon number behaves as τ −1/2 . On the other hand, the total number of gluons are still dominantly contributed by hard gluons. It is simply assumed here that the emission rate of the stage (a) can be extrapolated.
In the late equilibration stage (c), the system is expected to transit from a non-thermal one to a thermal one. While the details of the mechanism is yet to be fully unveiled, a successful description should smoothly connect the photon emission rates as well. Here it is simply given by the interpolation
This also imitates the dominance of the soft sector and the build-up of the thermal tail in the hard sector in the emission rate. At τ = τ 3 = τ hyd , the thermal emission rate (1) is recovered.
C. Prompt photons
Prompt photons are conventionally assumed to be the same as the scaled direct photons in proton-proton collisions. This is supported by the pQCD calculation of the photon yields, though it is not clear how valid such calculations are in low momentum regions.
The direct photon spectra of proton-proton collisions is scaled with the number of collisions N coll and parametrized as
where σ in pp is the inelastic nucleon-nucleon cross section in units of pb [49] . The direct photons are assumed to be primarily prompt photons for the moment. Possible effects of the non-prompt photon contributions in protonproton collisions [62] are discussed in Appendix A. Since the emission is supposed to be instantaneous, the prompt photon emission is given in the form of a number distribution rather than a rate.
III. NUMERICAL ANALYSES
The direct photon emission in relativistic nuclear collisions is estimated. Pb-Pb collisions at √ s N N = 2.76
TeV are considered. The inelastic nucleon-nucleon cross section is set to σ in pp = 65 mb. The system is assumed to be net baryon free at this energy, though extension to the finite density system is a straightforward task.
The initial transverse distribution of the energy density in the pre-equilibrium stage is given by the Monte-Carlo Glauber model [63] . The initial time is set to τ ini = 1/Q s , i.e., c 0 = 1. The average Q s is expected to be around 2-3 at the LHC energies, which is motivated by the estimation [64] . In this demonstrative study, the initial condition is event-averaged with the fixed impact parameter b = 4.6 fm. This roughly corresponds to the average impact parameter for the 0-20% centrality events. The averaged number of collisions N coll = 1256 is used. A pure longitudinal and boostinvariant expansion is assumed during time evolution. The contribution from the volume elements where the local temperature at the time of hydrodynamization is larger than the kinetic freeze-out temperature T f [65] is taken into account. T f = 140 MeV is used here and in the hydrodynamic model mentioned later.
The value of σ z depends on the initial dynamics of the collision but is expected to be smaller than a typical thermodynamic temperature scale of the given energy because the longitudinal pressure is small in the glasma picture. Here it is conjectured to be smaller than 0.5 GeV to ensure the condition P T > P Z .
The initial condition for the hydrodynamic stage is constructed directly from the energy density distributions at the end of the pre-equilibrium stage as the normalization is already constrained with the experimental data. The hydrodynamization time is chosen as τ hyd = 0.6 fm/c. The equation of state is based on the lattice QCD estimations [8] connected with the hadron resonance gas model results. See Ref. [66] for details. The viscosity is chosen to be vanishing for the moment. Although the freeze-out temperature is set to T f = 140 MeV, the thermal photon contribution after the hydrodynamization before T = 110 MeV is taken into account by using the information of hydrodynamic flow calculated after the kinetic freeze-out to partially compensate for the lack of direct photon emission in the hadronic gas stage [38] . The pre-equilibrium and thermal photon emission rates depend on the QCD coupling, the number of colors, and the number of flavors. In this study, they are chosen as α s = 0.2, N c = 3, and N f = 3. The effect of running coupling will be discussed elsewhere.
A. pT Spectra First, particle spectra of direct photons are investigated at midrapidity. p T spectra of thermal and preequilibrium photons are calculated by integrating the respective emission rates over the space-time volume.
The spectra of pre-equilibrium photons for Pb-Pb collisions are shown in Fig.1 for different values of the characteristic longitudinal momentum scale σ z and the saturation momentum scale Q s . The spectra have a structure around p T ∼ Q s reflecting the phase-space distributions of partons in the glasma stage. One can see that the emission is larger for smaller values of σ z . This is because smaller distribution in the longitudinal momentum space translates into larger distribution in the transverse momentum space for a fixed energy density. Also, the emission at p T ∼ Q s decreases with increasing Q s because the energy density is fixed. The p T spectra of prompt photons, pre-equilibrium photons, thermal photons, and direct photons as their sum are shown in Fig. 2 . Here Q s = 2.5 GeV and σ z = 0.1 GeV are chosen for further demonstration. Although the p T -integrated number of pre-equilibrium photons is small owing to the relatively small space-time volume in the system, depending on the anisotropy of the system, its contribution can be comparable to those of thermal and prompt photons at p T ∼ Q s . The preequilibrium photons are 47.8% of the direct photons at p T = Q s = 2.5 for σ z = 0.05 GeV, 29.8% for σ z = 0.1 GeV, 18.0% for σ z = 0.2 GeV, and 14.5% for σ z = 0.4 GeV in the current model. This suggests that preequilibrium photons can be non-negligible in relativistic heavy-ion collisions. Prompt photons are relatively more important at higher p T , pre-equilibrium photons at intermediate p T ∼ Q s , and thermal photons at lower p T , reflecting the fact that the typical transverse momentum scale of the system decreases with time evolution.
A similar trend can be found in thermal photon spectra as well. The spectrum is decomposed into the timedependent contributions in Fig. 3 . The slope is harder at earlier times and softer at later times. It can be interpreted as a consequence of the fact that the effective medium temperature is larger at earlier times. The contributions beyond τ ∼ 15 fm/c is post-hydrodynamic because the freeze-out hypersurface ends around that time.
It should be noted that the blue-shifting effect of the medium elements which flow toward the observer is par- tially cancelled by the red-shifting effect of the medium elements on the opposite side that go away from the observer because the medium is optically transparent and roughly axisymmetric. The net effect of the blue-shifting is still positive but the magnitude can be in general smaller than that of the temperature effect.
B. Elliptic flow
Next, differential elliptic flow of direct photons are investigated to demonstrate the interplay of photon emission from the different stages in the collision. Here the elliptic flow is defined as
, (10) where φ p is the azimuthal momentum angle and Ψ is the event plane angle. y is the rapidity which is zero because midrapidity is considered.
The elliptic flow of direct photons is compared with those of thermal photons and of thermal and prompt photons in Fig. 4 . The prompt and pre-equilibrium photons are assumed to have zero anisotropy in the estimation. The pre-equilibrium photon contribution tends to reduce direct photon v 2 around p T ∼ Q s .
It is known that most theoretical calculations systematically underestimates direct photon v 2 compared with the experimental observation. The inclusion of zero anisotropy pre-equilibrium photons inevitably makes the agreement worse. The results also imply that the flow harmonics of direct photons are sensitive to the details of the physics in the pre-equilibrium stage. 
IV. DISCUSSION AND CONCLUSIONS
The production of prompt, pre-equilibrium, and thermal photons in relativistic nuclear collisions has been investigated. The thermal photons are estimated by smoothly matching the pQCD and hadronic emission rates. The prompt photons are assumed to be given by the parametrization based on the experimental data of proton-proton collisions. The pre-equilibrium photons are estimated using a model where non-thermal quark and gluon distributions follow a self-similar scaling law, motivated by the turbulent thermalization approach. The original approach is applicable for a weaklycoupled system but here it is assumed to be the dynamics that occurs in the relativistic nuclear collisions by extrapolating and scaling the parameters. The resulting parametric photon emission rate is given as a function of the saturation momentum scale Q s and the longitudinal momentum scale σ z where the overall normalization is fixed by the experimental data of hadronic particle spectra through the subsequent hydrodynamic model.
The transverse momentum spectra of direct photons have been estimated numerically. It is shown that the effect of pre-equilibrium photons can be non-negligible near p T ∼ Q s , though its magnitude is subject to the arbitrariness in parameter choices. The result implies that if one naïvely takes the inverse slope parameter of the experimentally-observed spectra to extract the average temperature of the QCD medium, it can be overestimated because it may well be contaminated by the contribution from the stage where the system is not thermalized. Part of the contamination may be cancelled once the full contribution of post-hydrodynamic photons are taken into account.
The elliptic flow of direct photons decreases when the pre-equilibrium photons are included in the estimation assuming that they do not have azimuthal momentum anisotropy. The analyses of the typical momentum range of emission for each source of direct photons, along with those of the time-dependent emission of thermal photons, indicate that early photons are of relevance to the v 2 of direct photons at higher momentum where the discrepancy between theoretical estimation and experimental data is larger. The results may imply that pre-equilibrium photons have some intrinsic momentum anisotropy.
The fact that direct photon particle spectra and elliptic flow can have information regarding the pre-equilibrium stage, such as the saturation momentum scale, supports that those observables may be used to experimentally constrain the early time dynamics within the framework of the pre-equilibrium model given that statistics is improved in the experimental data. A similar idea can be found also in Refs. [67] [68] [69] .
Future improvements include the introduction of the running coupling to the model. Also, photon emission processes other than pair annihilation and Compton scattering should be considered in the pre-equilibrium stage for more quantitative analyses. The extension of the model to finite chemical potentials [70] [71] [72] [73] would be an interesting task, though one has to be careful of the applicability of the color glass condensate picture when using the results for the nuclear collisions at the Beam Energy Scan energies. Finally, the quark production process [59, 74, 75] can be non-negligible in the quantum regimes (b) and (c). The numbers of quarks and gluons at the beginning of the pre-equilibrium stage are estimated as n q ∼ α s n g aside from the degeneracy factors, reflecting the fact that the system is dominated by gluons in the color glass condensate. The number densities should approach n q ∼ n g at the end of the stage, which would increase the pre-equilibrium photon emission. Since the chemical equilibration should involve splitting and recombination processes, it can non-trivially modify the phase-space distributions when the thermalization is not fast enough. There also is a possibility that the chemical equilibration process extends into the hydrodynamic stage [31, 76] . Recent discoveries of possible primordial collectivity in small systems [77] implies the existence of non-prompt photon contributions in such collisions. Apart from prompt photons, pre-equilibrium photons can be produced in proton-proton collisions at top LHC energies because the saturation momentum scale is expected to approach Q s ∼ 1 GeV [64] and a glasma-like structure may well be produced. Recent analyses of the small systems even suggest that they may follow hydrodynamic description [78] , which hints at the production of primordial thermal photons [79] . One can obtain the preequilibrium parton distributions following the same procedure as the one for Pb-Pb collisions.
As the existence of a thermalized medium in protonproton collisions is still under debate [80] , prompt and glasma photons are considered as the components of direct photons. Note that the normalization of the preequilibrium phase space distribution is still constrained so that if the hydrodynamic model were used it could reproduce the hadronic particle spectra up to p T ∼ 1 GeV with T f = 170 MeV. Using the expression in Sec. II B, the direct photon spectra is expressed as
where R γ a is the photon emission rate in proton-proton collisions during the stage (a). Since local equilibration of the system is not assumed in the estimation, the contribution from the softer stages (b) and (c) are not taken into account for a conservative estimate.
The direct photon estimation based on the experimental measurements should be considered as the sum of prompt and pre-equilibrium photon contributions. On the other hand, a naïve pQCD estimation is related only to the former. The two estimations are shown to agree down to around p T ∼ 1 GeV at the RHIC energies [38] . However, it is not clear if the agreement continues to hold below 1 GeV because the pQCD calculations would break down at lower p T and the corresponding data is also not yet available in high-energy proton-proton collisions. The existence of pre-equilibrium photons suggest that the two estimations can eventually disagree below p T ∼ Q s .
The glasma photon spectra for different values of Q s are shown in Fig. 5 (a) . As is the case for the heavyion collisions, the spectra have a characteristic structure near p T ∼ Q s . Since the contribution from the classical stage is considered, the primordial thermal tail is not observed. p T spectra of prompt and pre-equilibrium photons are shown in Fig. 5 (b) assuming that of direct photons is given by the formula (9) . One has to be careful that this is a conjecture because the parametrization is based on the extrapolation of the experimental data available down to around 2 GeV. Here Q s = 0.8 GeV is used for demonstration. The prompt photon spectra is then determined as the difference of the direct and preequilibrium photon spectra.
The modification of prompt photon estimation can have an effect on the analyses of heavy-ion collisions. Figure 6 (a) shows the particle spectra of prompt photons for Pb-Pb collisions at b = 4.6 fm with the correction of preequilibrium photons in proton-proton collisions. Comparing with the previous results in Fig. 2 , prompt photons and consequently direct photons are slightly reduced near p T ∼ Q p s for the current parameter set. It makes the inverse slope slightly flatter. The differential elliptic flow is shown in Fig. 6 (b) . When the pre-equilibrium photons are considered both in Pb-Pb and in proton-proton collisions, the net direct photon momentum anisotropy is reduced near p T ∼ Q Pb s and enhanced near p T ∼ Q p s . The structures may be less apparent in the experimental data because the pre-equilibrium and hydrodynamic stages may not be clearly separated in actual relativistic nuclear collisions. Those results motivates one to further investigate low-momentum direct photon spectra in proton-proton collisions once the data become available.
